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Abstract
A brief summary of the development of perturbative Chern-Simons
gauge theory related to the theory of knots and links is presented. Em-
phasis is made on the progress achieved towards the determination of a
general combinatorial expression for Vassiliev invariants. Its form for all
the invariants up to order four is reviewed, and a table of their values for
all prime knots with ten crossings is presented.
1 Introduction
Chern-Simons gauge theory [1, 2] provides an excellent framework to study
knot and link invariants. This framework has shown to be very useful in
both, the study of polynomial invariants as the Jones polynomial [3] and its
generalizations, and the study of Vassiliev invariants or numerical invariants
of finite type. Non-perturbative aspects of the theory play a fundamental role
in the first context while perturbative ones are the main tool in the second. In
this paper I will present a brief summary of the results on Vassiliev [4, 5, 6, 7, 8]
invariants achieved from perturbative Chern-Simons gauge theory in the last
few years.
1Invited lecture delivered at the Workshop on Geometry and Physics, held at Medina del
Campo, Spain, September 20 – 22, 1999.
2 Knot Theory from a Chern-Simons...
An important line of investigation in the context of Vassiliev invariants is
the search of a universal combinatorial expression. Different approaches [9, 10,
11, 12] have been carried out. In the framework of perturbative Chern-Simons
gauge theory explicit combinatorial formulae for all the primitive invariants
up to order four have been obtained [12]. The context based on this approach
seems rather promising to obtain a general combinatorial expression.
As any other gauge theory, Chern-Simons gauge theory can be analyzed
for different gauge fixings. Covariant gauges lead to complicated integrals
expressions for Vassiliev invariants [13, 14, 15, 16, 17, 18, 19]. Simpler integral
expressions are obtained in non-covariant gauges of the light-cone type [20,
21, 22, 23, 24]. However, for a non-covariant gauge fixing of the temporal type
one obtains combinatorial expressions [12, 25]. It is in the last situation in the
one that all intermediate integrals can be done so one ends with combinatorial
expressions where only the information contained at the crossings is relevant.
Combinatorial expressions are much preferred to compute invariants and
to study their properties. It turns out that the resulting combinatorial ex-
pressions can be rewritten in terms of Gauss diagrams. These facts notably
simplify their explicit formulae. In this brief presentation I will collect all the
expressions based on Gauss diagramas for all the primitive Vassiliev invariants
up to order four.
An extended version of this presentation can be found in ref. [26]. In
the present paper, however, I include a table that was not presented in ref.
[26] because the corresponding computations were not carried out then. The
appendix contains a table with all the primitive Vassiliev invariants up to order
four for all prime knots with ten crossings, as computed from the combinatorial
expressions provided by Chern-Simons gauge theory.
The paper is organized as follows. In sect. 2 I briefly describe the quanti-
zation procedure in the temporal gauge and comment on the essential ingre-
dients which lead to the combinatorial expressions. In sect. 3 the resulting
combinatorial expressions are presented in terms of Gauss diagrams. Finally,
in sect. 4 aspects of future research directions are described.
2 Perturbative Chern-Simons gauge theory in the
temporal gauge
I will begin reviewing the basic elements of Chern-Simons gauge theory. This
theory is a quantum field theory whose action is based on the Chern-Simons
form associated to a non-abelian gauge group. The fundamental data in
Chern-Simons gauge theory are the following: a smooth three-manifold M
which will be taken to be compact, a gauge group G, which will be taken
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semi-simple and compact, and an integer parameter k. The action of the the-
ory is the integral of the Chern-Simons form associated to a gauge connection
A corresponding to a gauge group G:
SCS(A) =
k
4π
∫
M
Tr(A ∧ dA+
2
3
A ∧A ∧A). (1)
The exponential of i times this action is invariant under gauge transformations
for integer k.
The metric-independence of the action (1) implies that the resulting quan-
tum field theory is topological. Appropriate observables lead to vacuum expec-
tation values (vevs) which correspond to topological invariants. A particularly
important set of observables is constituted by Wilson loops. They correspond
to the holonomy of the gauge connection A along a loop. Given a representa-
tion R of the gauge group G and a 1-cycle γ on M , it is defined as:
WRγ (A) = TrR(Holγ(A)) = TrRPexp
∫
γ
A. (2)
Products of these operators are the natural candidates to obtain topological
invariants after computing their vev. These vevs are formally written as:
〈WR1γ1 W
R2
γ2
· · ·WRnγn 〉 =
∫
[DA]WR1γ1 (A)W
R2
γ2
(A) · · ·WRnγn (A)e
iSCS(A), (3)
where γ1, γ2,. . .,γn are 1-cycles on M and R1, R2 and Rn are representations
of G. In (3), the quantity [DA] denotes the functional integral measure. The
functional integral in (3) is not well defined. A variety of methods have been
proposed to go around this problem and provide some meaning to the right
hand side of (3). These methods fall into two categories, perturbative and
non-perturbative ones. Witten, in his pioneer work 1988 [1], showed, using
non-perturbative methods, that when one considers non-intersecting cycles γ1,
γ2,. . .,γn without self-intersections, the vevs (3) lead to polynomial invariants
as the Jones polynomial and its generalizations.
The construction of the perturbative series expansion of the vev of an
operator when dealing with a gauge theory starts with a gauge fixing. The
first analysis of Chern-Simons perturbation theory were made in the covariant
Landau gauge [13]. Subsequent studies [14, 15, 17] in this gauge led to a
framework linked to the theory of Vassiliev invariants, which culminated with
the configuration space integral approach [18, 19].
Non-covariant gauges have been also studied in the context of Chern-
Simons perturbation theory. The perturbative series which results in the non-
covariant light-cone gauge [23] leads to the Kontsevich integral [21]. Vevs
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of gauge invariant operators are independent of the gauge chosen and there-
fore the expressions obtained in the light-cone gauge should be equivalent to
the ones obtained in any other gauge. Thus, from a quantum field theory
point of view, the configuration space integral which appear in the covariant
Landau gauge leads to the same quantities as the Kontsevich integral. The
non-covariant temporal gauge leads to alternative expressions for the vevs of
gauge-invariant operators which turn out to be combinatorial [12, 25]. Again,
gauge invariance implies that the resulting quantities must be the same as
the ones in the configuration space approach or in the Kontsevich integral.
In the rest of this section I will review the salient features of the analysis of
the perturbative series expansion of the vacuum expectation value of a Wilson
loop in the temporal gauge.
The gauge-fixing condition in the temporal gauge takes the form
nµAµ = 0, (4)
where n is the unit vector nµ = (1, 0, 0). In this gauge the propagator becomes:
δab
λ
(np)2
(pµpν −
i
λ
(np)ǫµνρn
ρ)→ −iǫµνρ
nρ
np
δab, (5)
where the limit λ → 0 has been taken. To construct the perturbative series
expansion of the vev of a Wilson loop, one needs the Fourier transform of (5).
In the temporal gauge the momentum-space integral that must be carried out
has the form:
∆(x0, x1, x2) =
∫
M
d3p
(2π)3
ei(p
0x0+p1x1+p2x2)
p0
. (6)
This integral is ill-defined due to the pole at p0 = 0. To make sense of it a
prescription has to be given to circumvent the pole. A precise prescription
will not be taken. Instead, a rather general form will be used [12],
∆(x0, x1, x2) =
i
2
sign(x0)δ(x1)δ(x2) + f(x1, x2), (7)
where f(x1, x2) is a prescription-dependent distribution. The important con-
sequence of the result (7) is that the dependence of ∆(x0, x1, x2) on x0 has
to be of the form sign(x0)δ(x1)δ(x2). This observation will be crucial in our
analysis. The propagator (7) will allow us to introduce the notion of kernel
of a Vassiliev invariant and to design a procedure to compute combinatorial
expressions for these invariants.
Given a knot K and one of its regular knot projections, K, on the x1, x2-
plane which is a Morse knot in the x1 and x2 directions, one has to deal with
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the following perturbative series expansion for the vacuum expectation value
of the corresponding Wilson loop [12]:
〈W (K,G)〉 = 〈W (K, G)〉temp × 〈W (U,G)〉
b(K), (8)
being,
1
d
〈W (K,G)〉 = 1 +
∞∑
i=1
vi(K)x
i, (9)
and,
1
d
〈W (K, G)〉temp = 1 +
∞∑
i=1
vˆi(K)x
i. (10)
In these expressions x denotes the inverse of the Chern-Simons coupling con-
stant, x = 2πi/k, G the gauge group, and d the dimension of the represen-
tation carried by the Wilson loop. The function b(K) is the exponent of the
Kontsevich factor, which has been conjectured to be [12],
b(K) =
1
12
(nx1 + nx2), (11)
where nx1 and nx2 are the critical points of the regular projection K in both,
the x1 and the x2 directions. In (8) U denotes the unknot and 〈W (K, G)〉temp
is the vacuum expectation of the Wilson loop corresponding to the regular pro-
jection K as computed perturbatively in the temporal gauge with the standard
Feynman rules of the theory. Notice that though each of the factors on the
right hand side of (8) depends on the regular projection chosen, the left hand
side does not. While the coefficients vi(K) of the series (9) are Vassiliev invari-
ants the coefficients vˆi(K) of (10) are not. The latter depend on the regular
projection chosen.
3 Combinatorial expressions in terms of Gauss di-
agrams
A universal combinatorial formula for Vassiliev invariants could be obtained
if the coefficients vˆi(K) in (10) could be computed with no integrals left.
Unfortunately, this has not been obtained yet to all orders. Only part of the
contributions entering vˆi(K) have been explicitly written to all orders. These
are the kernels introduced in [12]. The kernels are quantities which depend
on the knot projection chosen and therefore are not knot invariants. However,
at a given order i a kernel differs from an invariant of type i by terms that
vanish in signed sums of order i. The kernel contains the part of a Vassiliev
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invariant which is the last in becoming zero when performing signed sums, in
other words, a kernel vanishes in signed sums of order i + 1 but does not in
signed sums of order i. Kernels plus the structure of the perturbative series
expansion seem to contain enough information to reconstruct the full Vassiliev
invariants [12].
The expression for the kernels results after considering only the simplest
part of the propagator of the gauge field in the temporal gauge. This part in-
volves a double delta function and therefore all the integrals can be performed.
The result is a combinatorial expression in terms of crossing signatures after
distributing propagators among all the crossings. The general expression can
be written in a universal form much in the spirit of the universal form of the
Kontsevich integral [21]. Let us consider a knot K with a regular knot projec-
tion K containing n crossings. Let us choose a base point on K and let us label
the n crossings by 1, 2, . . . , n as one passes for first time through each of them
when traveling along K starting at the base point. The universal expression
for the kernel associated to K has the form:
N (K) =
∞∑
k=0
(
k∑
m=1
k∑
p1,...,pm=1
p1+···+pm=k
n∑
i1,...,im=1
i1<···<im
ǫp1i1 · · · ǫ
pm
im
(p1! · · · pm!)2
∑
σ1,...,σm
σ1∈P1,...,σm∈Pm
T (i1, σ1; . . . ; im, σm)
)
.
(12)
In this equation Pm denotes the permutation group of pm elements. The
factors in the innest sum, T (i1, σ1; . . . ; im, σm), are group factors which are
computed in the following way: given a set of crossings, i1, . . . , im, and a
set of permutations, σ1, . . . , σm, with σ1 ∈ P1, . . . , σm ∈ Pm, the correspond-
ing group factor T (i1, σ1; . . . ; im, σm) is the result of taking a trace over the
product of group generators which is obtained after assigning p1, . . . , pm group
generators to the crossings i1, . . . , im respectively, and placing each set of group
generators in the order which results after traveling along the knot starting
from the base point. The first time that one encounters a crossing ij a product
of pj group generators is introduced; the second time the product is similar,
but with the indices rearranged according to the permutation σj ∈ Pj .
The universal formula (12) for the kernels can be written in a more useful
way collecting all the coefficients multiplying a given group factor. The group
factors can be labeled by chord diagrams. At order k one has a term for each
of the inequivalent chord diagrams with k chords. Denoting chord diagrams
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by D, equation (12) can be written as:
N (K) =
∑
D
ND(K)D, (13)
where the sum extends to all inequivalent chord diagrams. The concept of
kernel can be extended to include singular knots by considering signed sums of
(13), or, following [8], introducing vacuum expectation values of the operators
for singular knots. If Kj denotes a regular projection of a knot Kj with j
simple singular crossings or double points, the corresponding universal form
for the kernel possesses an expansion similar to (13):
N (Kj) =
∑
D
ND(K
j)D. (14)
The general results about singular knots proved in [8] lead to two important
features for (14). On the one hand, finite type implies that ND(K
j) = 0 for
chord diagrams D with more than j chords. On the other hand, ND(Kj) =
2jδD,D(Kj), where D(K
j) is the configuration corresponding to the singular
knot projection Kj . As observed above, kernels constitute the part of a Vas-
siliev invariant which survives a maximum number of signed sums.
To compute ND(K) one needs to introduce first the notion of the set of
labeled chord subdiagrams of a given chord diagram. This set will be denoted
by SD. This set is made out of a selected set of labeled chord diagrams that
will be defined now. A labeled chord diagram of order p is a chord diagram with
p chords and a set of positive integers k1, k2, . . . , kp, which will be called labels,
such that each chord has one of these integers attached. The set SD is made
out of labeled chord diagrams which satisfy two conditions. These conditions
are fixed by the form of the series entering the kernels (12). The elements of
SD will be called labeled chord subdiagrams of the chord diagram D. They
are defined as follows. A labeled chord subdiagram of a chord diagram D with
k chords is a labeled chord diagram of order p with labels k1, k2, . . . , kp, p ≤ k,
such that the following two conditions are satisfied: a) k1 + k2 + · · ·+ kp = k;
b) there exist elements σ1 ∈ Pk1 , σ2 ∈ Pk2 , . . . , σp ∈ Pkp of the permutation
groups Pk1 , Pk2 , . . . , Pkp such that, after replacing the j-th chord diagram by
kj chords arranged according to the permutation σj, for j = 1, . . . , p, the
resulting chord diagram is homeomorphic to D. The number of ways that
permutations σ1 ∈ Pk1 , σ2 ∈ Pk2 , . . . , σp ∈ Pkp can be chosen is called the
multiplicity of the labeled chord subdiagram. The multiplicity of a given
labeled chord subdiagram, s ∈ SD, will be denoted by mD(s).
The chord diagram D itself can be regarded as a labeled chord subdia-
gram such that its labels, or positive integers attached to its chords, are 1.
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It has multiplicity 1. All the elements of SD except D have a number of
chords smaller than the number of chords of D. Not all labeled chord dia-
grams are subdiagrams of D. However, given a labeled chord diagram with
labels k1, k2, . . . , kp there can be different sets of permutations leading to D.
The number of these different sets is the multiplicity introduced above. The
elements of the sets SD for all chord diagrams D up to order four which do
not have disconnected subdiagrams are the following:
✒✑
✓✏
−→ ✒✑
✓✏
,✒✑
✓✏
2
✒✑
✓✏
−→ ✒✑
✓✏
,✒✑
✓✏
2
, 2✒✑
✓✏
3
✒✑
✓✏
✁
✁
❆
❆ −→ ✒✑
✓✏
✁
✁
❆
❆ ,✒✑
✓✏
2
,✒✑
✓✏
3
✒✑
✓✏
−→ ✒✑
✓✏
,✒✑
✓✏
2
,✒✑
✓✏
3
, 2✒✑
✓✏
4
✒✑
✓✏
✪✪❡❡ −→ ✒✑
✓✏
✪✪❡❡ , 2✒✑
✓✏
4
✒✑
✓✏
✂
✂
❇
❇ −→ ✒✑
✓✏
✂
✂
❇
❇ ,✒✑
✓✏
2
, 2✒✑
✓✏
3
, 4✒✑
✓✏
4
✒✑
✓✏
−→ ✒✑
✓✏
,✒✑
✓✏
2 , 2✒✑
✓✏
2
2 ,✒✑
✓✏
4
✒✑
✓✏
✁
✁
❆
❆ −→ ✒✑
✓✏
✁
✁
❆
❆ ,✒✑
✓✏
✁
✁
❆
❆2 ,✒✑
✓✏
2 , 2✒✑
✓✏
2
2 , 2✒✑
✓✏
3
, 3✒✑
✓✏
4
✒✑
✓✏
  ❅❅ −→ ✒✑
✓✏
  ❅❅ ,✒✑
✓✏
✁
✁
❆
❆2 ,✒✑
✓✏
2
2 ,✒✑
✓✏
3
,✒✑
✓✏
4
(15)
The numbers accompanying each labeled chord subdiagram denote their mul-
tiplicity. When no number is attached to a chord of a labeled chord diagram
it should be understood that the corresponding label is 1.
In order to write the final expression for the kernels the notion of Gauss
diagram must be introduced. Given a regular projection K of a knot K we
can associate to it its Gauss diagram G(K). The regular projection K can be
regarded as a generic immersion of a circle into the plane enhanced by infor-
mation on the crossings. The Gauss diagram G(K) consists of a circle together
with the preimages of each crossing of the immersion connected by a chord.
Each chord is equipped with the sign of the signature of the corresponding
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crossing. Gauss diagrams are useful because they allow to keep track of the
sums involving the crossings which enter in (12) in a very simple form. Let us
consider a chord diagram D and one of its labeled chord subdiagrams s ∈ SD.
Let us assume that s has p chords and labels k1, k2, · · · , kp. We define the
product,
〈s,G(K)〉, (16)
as the sum over all the embeddings of s into G(K), each one weighted by a
factor,
εk11 ε
k2
2 · · · ε
kp
p
(k1!k2! · · · kp!)2
, (17)
where ε1, ε2, . . . , εp are the signatures of the chords of G(K) involved in the
embedding. Using (16) the kernels ND(K) entering (13) can be written as,
ND(K) =
∑
s∈SD
mD(s)〈s,G(K)〉, (18)
where mD(s) denotes the multiplicity of the labeled subdiagram s ∈ SD rela-
tive to the chord diagram D.
The terms 〈s,G(K)〉 entering (18) are related to the quantities χ(K) de-
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fined in [12]. It is straightforward to obtain the following relations:
〈✒✑
✓✏
j , G(K)〉 =
1
(j!)2
χ1(K),
〈✒✑
✓✏
, G(K)〉 = χA2 (K),
〈✒✑
✓✏
2
2 , G(K)〉 =
1
16
χC2 (K),
〈✒✑
✓✏
, G(K)〉 = χB3 (K),
〈✒✑
✓✏
2
, G(K)〉 =
1
4
χD3 (K),
〈✒✑
✓✏
  ❅❅ , G(K)〉 = χ
A
4 (K),
〈✒✑
✓✏
, G(K)〉 = χC4 (K),
〈✒✑
✓✏
✂
✂
❇
❇ , G(K)〉 = χE4 (K),
〈✒✑
✓✏
j , G(K)〉 =
1
(j!)2
n(K),
〈✒✑
✓✏
2
, G(K)〉 =
1
4
χB2 (K),
〈✒✑
✓✏
✁
✁
❆
❆ , G(K)〉 = χA3 (K),
〈✒✑
✓✏
✁
✁
❆
❆2 , G(K)〉 =
1
4
χC3 (K),
〈✒✑
✓✏
2 , G(K)〉 =
1
4
χE3 (K),
〈✒✑
✓✏
✁
✁
❆
❆ , G(K)〉 = χB4 (K),
〈✒✑
✓✏
, G(K)〉 = χD4 (K),
〈✒✑
✓✏
✪✪❡❡ , G(K)〉 = χF4 (K),
(19)
where in the first row the relation in the left column applies when j is odd and
the one in the right when j is even. Notice that in the second relation n(K)
denotes the number of crossings of the regular projection K.
In [12], Vassiliev invariants up to order four were expressed in terms of
these quantities and the crossing signatures. The strategy to obtain them was
to start with the kernels (18) and exploit the properties of the perturbative
series expansion of Chern-Simons gauge theory. A special role in the construc-
tion was played by the factorization theorem proved in [27]. Here, only their
final form will be listed.
At second order, the final expression for the invariant is:
α21(K) = α21(U) + 〈✒✑
✓✏
, G(K)〉 − 〈✒✑
✓✏
, G(α(K))〉, (20)
where α21(U) stands for the value of α21 for the unknot. In this expression
α(K) denotes the ascending diagram α(K) of a knot projection K. It is defined
as the diagram obtained by switching, when traveling along the knot from
a base point, all the undercrossings to overcrossings. Ascending diagrams
enter often in the combinatorial expressions and it is convenient introduce
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the following notation. A bar over a quantity L(K) indicates that the same
quantity for the ascending diagram has to be subtracted, i.e.:
L¯(K) = L(K)− L(α(K)) (21)
where α(K) denotes the standard ascending diagram of K. Using this notation,
the final form for the only primitive Vassiliev invariant at order two is:
α21(K) = α21(U) + 〈✒✑
✓✏
, G¯(K)〉. (22)
At order three there is only one primitive invariant. It takes the form:
α31(K) = 〈✒✑
✓✏
+ ✒✑
✓✏
✁
✁
❆
❆ + 2✒✑
✓✏
2
, G(K)〉 −
n∑
i=1
εi(K)
[
〈✒✑
✓✏
, G(α(K))〉
]
i
.
(23)
Several comments are in order to explain the quantities entering this expres-
sion. The sum is over all crossings i, i = 1, . . . , n, and εi(K) denotes the
corresponding signature. The square brackets [ ]i enclosing a quantity L(K)
denote: [
L(K)
]
i
= L(K)− L(Ki+)− L(Ki−), (24)
where the regular projection diagrams Ki+ and Ki− are the ones which result
after the splitting of K at the crossing point i.
Combinatorial expressions for the two primitive invariants at order four
have been presented in [12]. Their construction is based on the use of the
kernels (18) and the properties of the perturbative series expansion. As in the
case of previous orders, these invariants are expressed in terms of the products
(16) and the crossing signatures. Their form is more complicated than the ones
at lower orders. At order four there are two primitive Vassiliev invariants. The
same choice of basis as in [12] is made here. The combinatorial expressions
for these two invariants turn out to be:
α42(K) = α42(U) + 〈7✒✑
✓✏
  ❅❅ + 5✒✑
✓✏
✁
✁
❆
❆ + 4✒✑
✓✏
+ 2✒✑
✓✏
✂
✂
❇
❇ + ✒✑
✓✏
+ ✒✑
✓✏
✪✪❡❡
+ 8✒✑
✓✏
✁
✁
❆
❆2 + 2✒✑
✓✏
2
+ 8✒✑
✓✏
2 +
1
6✒✑
✓✏
, G¯(K)〉
+
∑
i,j∈Ca
i>j
ε¯ij(K)
([
〈✒✑
✓✏
, G(α(K))〉
]a
ij
− 2
[
〈✒✑
✓✏
, G(α(K))〉
]
i
− 2
[
〈✒✑
✓✏
, G(α(K))〉
]
j
)
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+
∑
i,j∈Cb
i>j
ε¯ij(K)
([
〈✒✑
✓✏
, G(α(K))〉
]b
ij
−
[
〈✒✑
✓✏
, G(α(K))〉
]
i
−
[
〈✒✑
✓✏
, G(α(K))〉
]
j
)
,
(25)
and,
α43(K) = α43(U) + 〈✒✑
✓✏
  ❅❅ + ✒✑
✓✏
✁
✁
❆
❆ + ✒✑
✓✏
+ 2✒✑
✓✏
2 −
1
6✒✑
✓✏
, G¯(K)〉
+
∑
i,j∈Ca
i>j
ε¯ij(K)
([
〈✒✑
✓✏
, G(α(K))〉
]a
ij
−
[
〈✒✑
✓✏
, G(α(K))〉
]
i
−
[
〈✒✑
✓✏
, G(α(K))〉
]
j
)
.
(26)
In these expressions the explicit dependence on the signatures appears in the
quantities ε¯ij(K) which are:
ε¯ij(K) = εij(K) − εij(α(K)) = εi(K)εj(K)− εi(α(K))εj(α(K)). (27)
The sums in which these products are involved are over double splittings of
the knot projection K at the crossings i and j. There are two ways of carrying
out these double splittings, depending on the configuration associated to the
crossings i and j. These are described in detail in [12]. In the first one the
regular projection K is split into two while in the second one it is split into
three. Splittings of the first type build the set Ca. The ones of the second type
build Cb. While only the first one is involved in the invariant α43, both appear
in α42. The new quantities entering the sums are:[
L(K)
]a
ij
= L(K) − L(Ka1ij )− L(K
a2
ij ),[
L(K)
]b
ij
= L(K) − L(Kb1ij )− L(K
b2
ij )− L(K
b3
ij ), (28)
where Ka1ij ,K
a2
ij ,K
b1
ij ,K
b2
ij and K
b3
ij are the knot projections which originate after
a double splitting of K. As in previous orders, in the expressions (25) and (26),
the quantities α42(U) and α43(U) correspond to the value of these invariants
for the unknot. It has been proved in [12] that the combinatorial expressions
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for α42(K) and α43(K) in (25) and (26) are invariant under Reidemeister
moves.
Vassiliev invariants constitute vector spaces and their normalization can
be chosen in such a way that they are integer-valued. Once their value for the
unknot has been subtracted off they can be presented in many basis in which
they are integers. We will chose here a particular basis in which the numerical
values for the invariants up to order four are rather simple:
ν2(K) =
1
4
α˜21(K),
ν3(K) =
1
8
α˜31(K),
ν14(K) =
1
8
(α˜42(K) + α˜43(K)),
ν24(K) =
1
4
(α˜42(K)− 5α˜43(K)). (29)
In these equations the tilde indicates that the value for the unknot has been
subtracted, i.e., α˜ij(K) = αij(K)−αij(U). The values of the Vassiliev invari-
ants (29) for all prime knots up to nine crossings have been presented in [26].
The invariants (29) have been computed for torus knots in [28] and [29]. De-
noting a generic torus knot by two coprime integers, p and q, these invariants
take the form:
ν2(p, q) =
1
24
(p2 − 1)(q2 − 1),
ν3(p, q) =
1
144
(p2 − 1)(q2 − 1)pq,
ν14(p, q) =
1
288
(p2 − 1)(q2 − 1)p2q2, (30)
ν24(p, q) =
1
720
(p2 − 1)(q2 − 1)(2p2q2 − 3p2 − 3q2 − 3).
The explicit expression of Vassiliev invariants as polynomials in p and q is
known up to order six [28]. Of course, up to order four their value agree
with the ones computed explicitly from equations (22), (23), (25) and (26).
The only torus knots up to ten crossings are 31, 51, 71, 819, 91 and 10124,
whose associated coprime integers are (3,2), (5,2), (7,2), (4,3), (9,2) and (5,3),
respectively.
In the table collected in the appendix the value of the primitive Vassiliev
invariants for all the prime knots with ten crossings are presented. The value
of these invariants for prime knots up to ten crossings can be found in [26].
14 Knot Theory from a Chern-Simons...
4 Prospects
Though the perspectives are rather promising, the problems inherent to the
proper treatment of gauge theories in non-covariant gauges do not permit at
the moment to obtain a closed and complete formulation. Much work has to
be done to understand the subtle issues related to the use of non-covariant
gauges. The kernels plus the properties of the perturbative series expansion
are probably enough to compute the explicit form of a given invariant but
certainly it does not provide a systematic way of deriving the general universal
formula. A proper and complete formulation of the perturbative series in a
non-covariant gauge would explain the presence of the Kontsevich factor and
will provide a general universal combinatorial formula. It is likely that a lattice
formulation of Chern-Simons gauge theory in the temporal gauge could help
considerably to make progress in this direction. We expect to report on this
and other issues of perturbative Chern-Simons gauge theory in future work.
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Appendix
In this appendix the result of computing the first four primitive Vassiliev
invariants in (29), after using the expressions (22), (23), (25) and (26), for all
prime knots with 10 crossings, is presented. These quantities have not been
computed before using these combinatorial expressions. Their calculation is
lengthy but straightforward once the computation of (22), (23), (25) and (26)
are programmed and the prime knots are properly labeled.
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Knot ν2 ν3 ν
1
4 ν
2
4 Knot ν2 ν3 ν
1
4 ν
2
4
101 −4 −6 18 −64 1041 −2 −2 6 −26
102 2 2 18 −46 1042 0 −1 −1 10
103 −6 −3 65 −92 1043 2 0 8 6
104 −5 −1 53 −85 1044 0 1 3 −6
105 4 −7 31 54 1045 −2 0 6 −2
106 −1 −4 2 −75 1046 0 −4 −6 −84
107 −1 −3 −1 −45 1047 6 −11 77 40
108 −3 −4 26 −89 1048 4 0 16 36
109 −2 −2 20 −70 1049 7 16 112 57
1010 1 −2 0 31 1050 −1 −5 −5 −77
1011 −5 −4 52 −99 1051 5 −8 54 23
1012 4 −6 30 40 1052 3 1 9 27
1013 −5 −2 40 −51 1053 6 13 87 36
1014 2 3 21 −28 1054 4 −2 22 24
1015 3 −2 8 37 1055 5 10 58 31
1016 −4 −4 34 −80 1056 0 −2 0 −48
1017 2 0 −6 50 1057 4 −6 34 24
1018 −2 −1 15 −44 1058 −4 −1 21 −22
1019 1 0 −8 39 1059 −1 −1 1 −17
1020 −3 −6 10 −73 1060 −1 1 −3 −1
1021 1 0 8 −49 1061 −4 −5 39 −106
1022 −4 −2 42 −88 1062 5 −9 51 53
1023 3 −5 17 43 1063 6 14 96 42
1024 −2 −5 3 −68 1064 −3 −3 31 −91
1025 0 −2 0 −48 1065 4 −7 35 38
1026 −3 −2 26 −65 1066 7 17 123 67
1027 2 −3 5 36 1067 0 0 8 −32
1028 3 −4 16 29 1068 2 −3 5 36
1029 −4 −3 29 −54 1069 2 −4 20 6
1030 1 1 11 −31 1070 −3 2 16 −37
1031 2 −1 1 28 1071 1 0 2 11
1032 −1 0 10 −35 1072 2 4 24 −10
1033 0 0 −8 32 1073 1 −2 10 3
1034 3 −3 17 19 1074 0 −2 0 −48
1035 −4 2 22 −32 1075 0 1 −5 2
1036 1 2 12 −17 1076 −2 −6 2 −82
1037 3 0 12 21 1077 4 −5 29 26
1038 −1 −2 6 −43 1078 3 5 23 7
1039 1 1 11 −31 1079 5 0 32 27
1040 3 −4 16 29 1080 6 12 72 42
Table 1: Primitive Vassiliev invariants up to order four for all prime knots
with ten crossings.
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Knot ν2 ν3 ν
1
4 ν
2
4 Knot ν2 ν3 ν
1
4 ν
2
4
1081 3 0 16 5 10124 8 20 150 92
1082 0 0 8 −32 10125 3 0 10 17
1083 1 −2 0 31 10126 5 −9 59 21
1084 2 2 4 22 10127 1 −1 −3 −35
1085 2 −3 5 36 10128 7 17 123 67
1086 −1 −1 7 −29 10129 2 1 5 12
1087 0 1 7 −22 10130 4 −6 38 8
1088 −1 0 −2 13 10131 0 −2 −4 −32
1089 1 −3 15 1 10132 3 −5 25 11
1090 −3 −1 25 −55 10133 1 0 0 −17
1091 2 0 −2 34 10134 6 13 83 52
1092 2 3 17 −12 10135 3 1 13 11
1093 1 −1 −5 33 10136 0 −1 3 −6
1094 −2 −2 16 −54 10137 −2 −2 2 −10
1095 3 −5 21 27 10138 −3 −2 12 −21
1096 −3 2 12 −21 10139 9 25 209 109
1097 2 4 28 −26 10140 2 4 14 18
1098 0 −3 −7 −50 10141 −1 −1 7 −29
1099 4 0 20 20 10142 8 21 169 70
1010 4 −7 35 38 10143 3 −5 21 27
10101 7 17 127 51 10144 −2 −2 12 −38
10102 −2 −1 15 −44 10145 5 −12 82 31
10103 3 −4 16 29 10146 0 0 −4 16
10104 1 0 −8 39 10147 −1 0 6 −19
10105 −1 0 6 −19 10148 4 −7 39 22
10106 −1 −1 11 −45 10149 2 2 10 −14
10107 1 −1 −1 17 10150 1 1 7 −15
10108 0 0 −8 32 10151 3 −4 20 13
10109 3 0 6 33 10152 7 15 97 63
10110 −3 −3 17 −47 10153 4 −1 23 14
10111 1 0 4 −33 10154 5 9 49 25
10112 2 −2 12 −10 10155 −2 2 12 −38
10113 0 −1 −5 2 10156 1 −1 −1 17
10114 1 −1 7 −15 10157 4 −8 50 8
10115 1 0 −4 23 10158 −3 −1 21 −39
10116 0 0 4 −16 10159 2 3 9 20
10117 2 −3 9 20 10160 3 6 36 −3
10118 0 0 −4 16 10161 7 18 138 61
10119 −1 0 6 −19 10162 −3 4 18 −57
10120 6 13 83 52 10163 1 2 4 15
10121 1 2 4 15 10164 1 0 −4 23
10122 2 −2 12 −10 10165 2 −3 17 −12
10123 −2 0 10 −18
Table 2: Primitive Vassiliev invariants up to order four for all prime knots
with ten crossings.
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